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Abstract—In this paper, the nonlinear behavior of a practi-
cal discrete PWM controlled buck converter is analyzed. The
converter is modeled as a discrete-time piecewise smooth iter-
ative map. A bifurcation diagram is generated with numerical
continuation software. High-periodic, quasiperiodic and chaotic
equilibrium solutions are found. Characteristic power spectrum
properties for each type of equilibrium solution are discussed.
The resulting power spectrum profiles can be used to identify
the type of the equilibrium solution with a spectrum analyzer.
Simulation results are validated with measurements on a buck
converter platform, confirming the capability of the idealized
model to predict nonlinear behavior.

I. INTRODUCTION

Nonlinear phenomena, bifurcations and chaos have been
observed in various types of switched power electronic con-
verters [1], [2], including peak-current mode [3], pulse width
modulation (PWM) [4] and sliding mode [5] controlled DC/DC
converters. Most of these converters are controlled by an analog
circuit. A real world buck converter with a practical digital
PWM control system is investigated in this paper.

A qualitative nonlinear analysis gives insights for the design
and analysis of control systems for power electronic converters.
Usually, the switching frequency fs is a design parameter for
the output filters. The operation of some converters depends
heavily on the assumption that the equilibrium solution is peri-
odic with frequency fs. High-periodic, quasiperiodic or chaotic
equilibrium solutions introduce subharmonic components in
the power spectrum and affect the signal quality significantly,
reducing the effectiveness of the output filter. Even when a
converter is designed for a periodic working point, parameter
drift could bring the converter into an undesired operating
region with subharmonic content.

In [6], some applications of chaos in power electronic
converters are considered. Typically, chaos gives rise to a broad
power spectrum and can help for the design of high-frequency
converters to improve the electromagnetic compatibility [7].
On the other hand, there is always a trade-off between the
broad spectrum and signal quality.

For the aforementioned reasons, it is important to know
the parameter range in which different types of equilibrium
solutions occur. This can be summarized in a bifurcation
diagram. A bifurcation diagram is a general tool for nonlinear
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analysis and shows the equilibrium solutions as a function of
a parameter [8].

In order to generate a bifurcation diagram, the derivation
of a discrete iterative map [9] is needed. For switched power
electronic circuits, this map is usually piecewise smooth. In
literature, the bifurcation diagram for this piecewise smooth
map is created with a brute force method. This is done
by simulating the iterative map for many iterations until an
equilibrium state is reached, and by repeating this for multiple
parameter values. In this work, the bifurcation diagram is
calculated numerically by means of numerical continuation
software. The influence of nonlinear equilibrium solutions on
the power spectrum is investigated.

As the switches and components in the model are assumed
to be ideal, the question arises whether this model is able
to accurately describe the real converter dynamics. This
is confirmed with measurement results obtained from an
experimental setup.

II. MATHEMATICAL CONCEPTS

A. Piecewise smooth iterative map

A continuous trajectory in state space can be sampled with
the switching frequency fs, resulting in a discrete state vector
xk. An iterative map can be defined, giving the discrete state
variables for the next period as a function of the current discrete
state variables. In this paper, the resulting iterative map is
piecewise smooth. In a piecewise smooth map, the state space
is partitioned in nr different regions Ri (i = 1 . . . nr). In each
region, a different smooth map Fi is valid (Figure 1a) [10].

xk+1 = Fi (xk) xk ∈ Ri (1)

(a) (b)

Fig. 1: Example of a piecewise smooth map: state space
partitioning (a) and its associated tree structure (b).

The map and its derivatives can have discontinuities at the
border between two regions. The borders can be described with
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nr − 1 border equations hj . Figure 1b shows that the current
state vector xk can be associated with the current region by
using a tree structure of border equations. A state xk is required
to comply with a number of inequalities in order to belong to
a region Ri. The inequalities can be gathered in a system of
inequalities gi:

gi (xk) > 0 ⇒ xk ∈ Ri. (2)

The sequence of region indices rk along the path followed
by the state vector xk is called the symbolic sequence [10].
The symbolic sequence for the example of Figure 1a is given
as:

{r0, r1, r2, r3, r4, . . . } = {1, 2, 2, 3, 1, . . . }. (3)

B. Lyapunov exponents

A trajectory starting in an infinitesimally small perturbed
initial point x0 + δx0 can diverge or converge to the original
trajectory starting in x0. The deviation after n iterations can
be written as

δxn ≈ Jrn
(xn) · . . . ·Jr1 (x1) ·Jr0 (x0) · δx0 = Jn · δx0

(4)
where Jrk

is the Jacobian of the iterative map Frk
.

Jrk
(xk) =

∂Frk
(x)

∂x

∣∣∣∣
x=xk

(5)

The singular values σj (n) (with j = 1 . . . nd) of Jn are
indicators for the growth of the deviation in the corresponding
direction. The Lyapunov exponents λj for this trajectory are
defined as [11]:

λj = lim
n→+∞

(
1
n

ln |σj (n)|
)
. (6)

The trajectory will converge to the original trajectory when all
Lyapunov exponents are negative. The trajectory will diverge
when one of the Lyapunov exponents is positive.

C. Equilibrium solutions

1) 1-periodic solutions: A 1-periodic equilibrium solution
x̃0 is mapped onto itself:

F (x̃0) = x̃0. (7)

This equilibrium solution is stable when all eigenvalues of the
Jacobian Jr̃ (x̃) lay within the unit circle and then all Lyapunov
exponents are negative.

The trajectory in continuous-time domain is periodic with
period Ts = 1/fs. The power spectrum consists of a DC-
component, a fundamental component at the switching fre-
quency fs and harmonic components at integer multiples of
fs.

2) np-periodic solutions: An np-periodic equilibrium point
x̃0 is mapped onto itself after np iterations.

x̃0 = Fr̃np−1 ◦ · · · ◦ Fr̃1 ◦ Fr̃0 (x̃0) (8)

The continuous trajectory is periodic with period npTs and
its power spectrum contains components at integer multiples
of 1

np
fs. Thus, there are subharmonic components with

frequencies below the switching frequency fs.

3) Quasiperiodic solutions: When a stable quasiperiodic
equilibrium solution is present, nearby iteration points are
attracted to a closed invariant loop. Points on the invariant
loop are always mapped back onto the loop but never onto the
same point again, i.e. the solution is not periodic. One of the
Lyapunov exponents will evaluate exactly zero.

In continuous-time domain, an additional rotation frequency
fr next to the fundamental switching frequency fs is observed
and the ratio fr

fs
is irrational [10]. The power spectrum is filled

with components at integer combinations of the frequencies fs
and fr [12].

4) Chaos: A chaotic attractor is an invariant set with a
fractal dimension. At least one of the Lyapunov exponents is
greater then zero, thus perturbed iterations will diverge and this
implies a great sensitivity to variations on the initial conditions.
The continuous trajectory is not periodic and not quasiperiodic,
has a random character and is hard to predict because of the
sensitivity to the initial conditions. Nevertheless, the trajectory
is deterministic [8]. As the trajectory is aperiodic, the power
spectrum will be continuous.

III. PWM-CONTROLLED BUCK CONVERTER

A. Experimental setup

RC

L RL

S−

0

S+

PWM A

V

1

0
ADC

P
R
E
D
IC
T
IO
N

Fig. 2: Experimental setup for the PWM-controlled buck
converter.

An experimental setup was built around the Triphase Smart
Inverter Target Platform [13]. The circuit in Figure 2 shows
how one inverter leg is used to create a buck converter. The
parameter values used for all simulations and measurements
are summarized in Table I. The inverter leg is controlled by
a symmetrical digital PWM controller with fixed switching
period Ts. For each switching period k, a PWM duty cycle
dk is determined by the digital control circuit. The saturation
block in the diagram clips the actual duty cycle d̂k between
zero and one.

d̂k =


0 dk < 0
dk 0 ≤ dk < 1
1 dk ≥ 1

(9)

The switching period events and corresponding notations are
summarized in Figure 3. At the beginning of each switching
period, the inductor current iL is instantly sampled with a
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Fig. 3: Timing diagram showing the events in one switching
period.

TABLE I: Parameter values used in the experimental setup.

R L RL C Vref Vin kp Ts d0

25.5 10 0.4 9.9 230 287 0.002→ 0.2 100 0.5

[ Ω] [ mH] [ Ω] [ µF] [ V] [ V] [−] [ µs] [−]

Successive Approximation Register A/D converter, resulting
in a measured value im,k.

im,k = ik = iL (kTs) (10)

The capacitor voltage vC is sampled with a Sigma-Delta A/D
converter. The measured value vm,k is an approximation for
the mean voltage value in the previous switching period:

vk = vC (kTs) vm,k =
1
Ts

∫ kTs

(k−1)Ts

vC (t) dt. (11)

There is a delay of one sample in the digital control system
loop because the measured values im,k and vm,k at the start
of the current switching period are used to determine the duty
cycle dk+1 for the following period. Therefore, current and
voltage values ip,k and vp,k for the next period are predicted
with a linearized model.[

ip,k
vp,k

]
= M

[
im,k
vm,k

]
+Nd̂k N =

∫ Ts

0

eAptbpdt (12)

M = eApTs Ap =
[
−RL

L
1
L

1
C − 1

RC

]
bp =

Vin

L
0
0

 (13)

The proportional control law is implemented as follows:

dk+1 = kp (Vref − vp,k) + d0. (14)

B. Continuous switch state equations

Two valid switch states s are distinguished: one with S+

closed and S− open (s = 1) and one with S+ open and S−

closed (s = 2). For each switch state, the dynamics can be
described with a continuous state space model with state vector
x = [ iL vC vm ]T . The state variables are the inductor current
iL and capacitor voltage vC . The variable vm is needed to
calculate the A/D converter integral in equation (11). The state

space model can be written as a system of linear differential
equations.

ẋ = Ax + bs s ∈ {1, 2} (15)

A =

−
RL

L − 1
L 0

1
C − 1

RC 0
0 1

Ts
0

 b1 =


Vin
L

0
0

 b2 =

0
0
0

 (16)

The solution for this system of linear differential equations
is given as

x (t) = Ψs (x0, t) = eAtx0 +
∫ t

0

eAτbsdτ. (17)

C. Piecewise smooth map

The discrete state vector xk = [ ik vk vm,k ]T can
be augmented with an extra state for the duty cycle dk:
x̂k = [ ik vk vm,k dk ]T . The borders dk = 0 and dk = 1
partition the state space in three regions as shown in the tree
structure in Figure 4.

Fig. 4: Tree structure defining the three state space partitions.

For the ease of notation a reset matrix R and a prediction
matrix M̂ are defined:

R =

1 0 0
0 1 0
0 0 0

 M̂ = M

[
1 0 0
0 0 1

]
(18)

The reset matrix is used to reset the integral in equation (11) at
the start of each switching period. The piecewise smooth map
for the discrete PWM controlled buck converter in Figure 2 is
given as:

x̂k+1 =8>>>>>>>>>>><>>>>>>>>>>>:

"
Ψ2 (Rxk, Ts)

kp

“
Vref − [ 0 1 ]

“
M̂xk + N · 0

””
+ d0

#
x̂k ∈ R124Ψ1

“
Ψ2

“
Ψ1

“
Rxk, dkTs

2

”
, (1− dk)Ts

”
, dkTs

2

”
kp

“
Vref − [ 0 1 ]

“
M̂xk + Ndk

””
+ d0

35 x̂k ∈ R2"
Ψ1 (Rxk, Ts)

kp

“
Vref − [ 0 1 ]

“
M̂xk + N · 1

””
+ d0

#
x̂k ∈ R3.

(19)

IV. SIMULATION RESULTS

A. Bifurcation diagram

The proportional control parameter kp is varied as a
bifurcation parameter and a bifurcation diagram is generated.
The projection of the diagram in the dk − kp plane is given
in Figure 5a. Branches with periodic solutions are computed
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Fig. 5: Bifurcation diagram (a) and Lyapunov spectrum (b) for
the discrete PWM controlled buck converter.

numerically with CL MATCONTM [14], a continuation toolbox
for MATLAB R©. This software is designed for smooth maps
and does not work for piecewise smooth maps out of the
box. Therefore, the method described in [15] is used to apply
CL MATCONTM to piecewise smooth maps. For quasiperiodic
solutions, the projection of the invariant loop is drawn on the
diagram. In chaotic regime, the density of the iteration points
is plotted.

Subsequently, the Lyapunov exponents are plotted in Fig-
ure 5b as a function of the bifurcation parameter kp. The
Lyapunov exponents are calculated with the method described
in [16]. Only the two largest exponents are shown on the figure.

The bifurcation diagram is analyzed with time domain
simulations at four bifurcation parameter values:

1) kp = 0.015: The equilibrium solution is 1-periodic
and stable, all Lyapunov exponents are negative. The 1-
periodic inductor current waveform is shown in Figure 6a.
The 1-periodic branch in the bifurcation diagram ends in a
Neimark-Sacker bifurcation point. At this bifurcation point,
the equilibrium solution changes from a 1-periodic to a
quasiperiodic solution.

2) kp = 0.027: The solution is quasiperiodic and one of
the Lyapunov exponents is zero. The waveform is shown in
Figure 6b.

3) kp = 0.036: For this value, the equilibrium solution
is np-periodic (np = 8, Figure 6c). The borders dk = 0 and
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(b) kp = 0.027, quasiperiodic
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(c) kp = 0.036, 8-periodic
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(d) kp = 0.110, chaos

Fig. 6: Inductor current waveforms for four different positions
on the bifurcation diagram.

dk = 1 are drawn onto the diagram. The 8-periodic equilibrium
branches stop when one of the borders is reached. At these
points, one of the border equations in system (2) evaluates
exactly zero. These are border collision bifurcation points [10].

4) kp = 0.110: The solution is chaotic, as shown in
Figure 6d. One of the Lyapunov exponents is larger then
zero. When the bifurcation parameter is varied from left to
right in Figure 5a, the bifurcation diagram transverses various
zones with periodic and quasiperiodic equilibrium solutions,
until a parameter range with chaos is reached. This is called a
quasiperiodic route to chaos [2]. In the parameter range with
chaos, some periodic windows occur at the locations where all
Lyapunov exponents are negative.

B. Influence on the power spectrum

The power spectra of the inductor current waveforms in
Figure 6 are displayed in Figure 7. In Figure 7a, the normal 1-
periodic operation is shown. The DC component, the switching
frequency fs at 10 kHz and a second harmonic component at
20 kHz can be identified. These components are also visible in
the quasiperiodic spectrum in Figure 7b. Additionally, an extra
rotation frequency fr appears in the spectrum at approximately
1256 Hz. The ratio fr

fs
is irrational. The mirror components
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(d) kp = 0.110, chaos

Fig. 7: Simulated power spectra of the inductor current iL.

fs − fr and fs + fr are clearly visible and the spectrum is
filled with integer combinations of fs and fr.

In the 8-periodic operation mode (Figure 7c), the spectrum
contains a first subharmonic component at f 1

8
= 1250 Hz.

The ratio f1/8

fs
= 1

8 is rational and the spectrum is filled with
integer multiples of f1/8. The spectrum of operation in chaos
is displayed in Figure 7d. The spectrum is continuous and
there is a lot of subharmonic content.

V. EXPERIMENTAL VALIDATION

The previous simulation results are based on an idealized
model. Non-ideal switches, dead time, quantization, noise and
parasitic effects where not taken into account. Three validation
measurements are carried out to test the capability of the
idealized model to predict nonlinear behavior in real world
applications.

A. Continuous-time domain

The inductor current and capacitor voltage are measured
using a digital sampling oscilloscope and plotted in the iL−vC
phase plane. Measurement results for the quasiperiodic, 8-
periodic and chaotic solutions are given in the right column
of Figure 8 and correspond well with the simulation results in
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(a) kp = 0.027, quasiperiodic (b) x: iL [0.5 A/div]
y: vC [5 V/div]
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Fig. 8: Phase trajectory, comparison between simulation (left
column) and measurement (right column) results.

the left column. In the simulation figures, a dot is plotted at
each time instant kTs.

B. Frequency domain

Additionally, the power spectrum of the inductor current
is measured with a spectrum analyzer. Results are shown in
Figure 9 and match with the simulation results in Figure 7.

C. Discrete-time domain

Finally, 50000 iteration points (im,k, vm,k), sampled by
the digital control system, are plotted in Figure 10. The
quasiperiodic invariant loop is clearly visible in Figures 10a
and 10b. The 8 equilibrium points of the 8-periodic solution
can be distinguished in Figures 10c and 10d, with Gaussian
noise around the measured results. The chaotic attractor with
fractal dimension is shown in Figures 10e and 10f.
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(a) kp = 0.015, x: f [2 kHz/div] 0− 20 kHz, y: Pi [10 dB/div]

(b) kp = 0.027, x: f [2 kHz/div] 0− 20 kHz, y: Pi [10 dB/div]

(c) kp = 0.036, x: f [2 kHz/div] 0− 20 kHz, y: Pi [10 dB/div]

(d) kp = 0.110, x: f [2 kHz/div] 0− 20 kHz, y: Pi [10 dB/div]

Fig. 9: Measured power spectra of the inductor current iL.

VI. CONCLUSIONS

A quasiperiodic route to chaos is found in a buck converter
with discrete PWM controller and a bifurcation diagram is
generated. Simulations conducted with an idealized model are
confirmed with measurement results. All observed nonlinear
effects can be explained by means of the ideal model. The
nonlinear solutions can be distinguished by their specific
subharmonic content in the power spectrum. Using these
characteristics, it is possible to identify nonlinear solutions
with the aid of a spectrum analyzer. Vice versa, the equilibrium
solutions in the bifurcation diagram can be used to predict the
shape of the power spectrum.
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