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Gene networks (1)

� Di�erent levels of mathematical abstraction:

Time: discrete or continuous
Variables: binary or continuous

� Boolean networks[Kau�man 1969, 1993]:
N genes (i = 1 ; :::; N ) with Boolean level of expressionX i (t) 2 f 0; 1g,
discrete timet = 0 ; 1; 2; ::: :

X i (t + 1) = f i (X r i
i
(t); :::; X

r
K i
i

(t)) ; i = 1 ; ::; N

Each genei hasK i regulatorsr 1
i , ... , r K i

i .
Each gene has aregulation function: f i : f 0; 1gK i 7! f 0; 1g
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Gene networks (2)

� Piecewise linear di�erential equation[Mason et al., 2004] (related to
continuous-time switching networks [Glass, 1975]), withN genes and
continuous timet:

dxi

dt
= � 
 i x i + B i (X i 1(t); X i 2(t); :::; X i K (t)) ; i = 1 ; ::; N

Binary valued functionsB i (0=1) depending onK inputsX i 1( t ) ; X i 2( t ) ; :::; X i K ( t ) .
Binary variableX i = 1 if x i � � i , X i = 0 if x i < � i .

1

0 qi

X

x

i

i

Simpli�ed model for modelling the logical control of the increase and
decay of protein concentrations in genetic networks.

� Implementable inCMOS technologywith AND and OR logic functions.
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Oscillations: the repressilator

[Mason et al., 2004]

A possible mechanism for generating oscillations is by a ring of elements(either inhibit or
activate the next element in the ring)

Regulatory functions are represented by a truth table.
Ring of three genesimplemented in bacteria[Elowitz & Leibler, 2000].
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Oscillatory behaviour in gene networks

[Mason et al., 2004]: truth table example for a �ve gene network

Synthetic biologyarea: programmable cells are able to interface natural and engineered
gene networks[Kobayashi et al., 2004].

Future perspective: 'downloading' synthetic gene circuits, encodedinto DNA, into cells,
creating a 'wet' nano-robot; in vivo biosensing [Hasty et al., 2002]
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Toggle switch

� Natural switch from the bacteriophage� where the promotorsPRM and
PR are repressed by the product of each other [Hasty et al., 2002]

� Remembering the stimulus event after removing the transient stimulus.
Multi-stability has important role in cell signaling [Angeli et al., 2004].

� Toggle model: 8
><

>:

_u =
� 1

1 + v� � u

_v =
� 2

1 + u
 � v

u; v concentrations of repressors 1,2
Cooperative repression of transcribed promotors
[Gardner et al., 2000]

u

v

x

x

du/dt=0

dv/dt=0

low state

unstable state

high state
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Circuits and systems: Chua's circuit

+ +

� �

vC2
C2 C1
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� E
E

gN R
(vC1)

vC1

Chua's circuit [Chua et al., 1986]: in dimensionless form

8
<

:

_x = � (y � x � f (x))
_y = x � y + z
_z = � �y

where
f (x) = m1x +

1
2

(m0 � m1) ( jx + 1 j � j x � 1j)

(depending on�; � : bistability, limit cycles, chaos)
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Bifurcation to Chaos

(vC1; vC2)-plane:

Power spectrumvC1:

�! birth of the double scroll attractor �!
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More hidden units

� Multi-stability & Multi-scroll chaos:
Extend the nonlinearity and
create additional equilibrium points
[Suykens & Vandewalle, 1991; Arena, 1996; Yalcin, 2001; Lu, 2006]

� Mulitlayer neural networks are universal approximators [Hornik, 1989]

(Chua's circuit has 1 hidden unit, more hidden units for multi-stability)
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A gallery of multi-scroll attractors

[Suykens & Vandewalle, 1991; Yalcin et al., 2001]
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Lur'e systems

� Lur'e systems:

8
<

:

_x = Ax + Bu
y = Cx
u = � (y)

! _x = Ax + B� (Cx)

(here � ( �) satis�es a sector condition)

� Many examples of Lur'e systems in di�erent areas:
Recurrent neural networks (Hop�eld network:A = � I , C = I ) [Hop�eld, 1985]
Cellular neural networks (sparse and structured matricesA; B; C ) [Chua, 1988]
Actuator saturation in control systems
Chua's circuit, multi-scroll circuits,
Arrays of coupled networks, ...

� [Li, Chen, Aihara, 2006] showed thatmany common genetic oscillator
models can be transformed into Lur'e form (e.g. Goodwin model).

L
L (s)

N
� ( �)

m (t ) = 0

u

y( t )
+

+

k1

k2

� (y )

y
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Stability analysis and LMIs (1)

� Linear system:
_x = Ax

Quadratic Lyapunov function:

V = xT Px; P = PT > 0

� Stability analysis:

_V = _xT Px + xT P _x = xT (AT P + PA)x < 0

Global asymptotic stability for

AT P + PA < 0

Linear matrix inequality (LMI)for a given matrixA [Boyd et al., 1994]
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Stability analysis and LMIs (2)

� Lur'e system:
_x = Ax + B� (Cx)

Try e.g. a quadratic Lyapunov function (leading to asu�cient stability
condition):

V = xT Px; P = PT > 0

� Stability analysis: exploit the fact that� belongs to sector[0; k]

_V = _xT Px + xT P _x

� _xT Px + xT P _x�
P

i 2� i � i (� i � kcT
i x) = [ xT � T ]Z

�
x
�

�

If

Z =
�

AT P + PA PB + kCT �
B T P + k� C � 2�

�
< 0

then globally asymptotically stable (any initial state x(0) converges
to the origin ), where� = diag f � i g with � i � 0.
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Synchronization of Lur'e systems

� Master-slave synchronization scheme (drive-response):

M : _x = Ax + B� (Cx)
S : _z = Az + B� (Cz) + K (x � z)

Master systemM drives slave systemS (follows behaviour imposed by
the master system):under which conditions do the systemsM and S
synchronize?

(studies in synchronization of chaotic systems, and applications to secure
communications [Pecora & Carroll, 1990; Chen & Dong, 1998; Yalcin et al., 2005])

� Mutual synchronization scheme:

M 1 : _x = Ax + B� (Cx) + K 1(x � z)
M 2 : _z = Az + B� (Cz) + K 2(x � z)

SystemsM 1 and M 2 mutually in
uence each other.
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Synchronization example

Master system

No synchronization Synchronization
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Interpretation as a control problem

� Master-slave synchronization scheme:

M : _x = Ax + B� (Cx)
S : _z = Az + B� (Cz) + u
C : u = K (x � z)

with control signalu.

� Control objective: for given matricesA; B; C design a controllerC with
matrix K such that synchronization is achieved.

� For Lur'e systems synchronization can be characterized by LMIs.

� Synchronization can be achieved forany choice of initial statesx(0); z(0):
for all initial state choices the systems synchronize in the sense that
kx(t) � z(t)k ! 0 when timet ! 1 .
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Di�erent control problems and approaches

� Often one cannot measure the complete state vectorsx; z: consider
dynamic measurement feedbackcontroller instead of full state feedback.

� Robust synchronization:A; B; C matrices non-identical for master and
slave system: it is possible tosynchronize two systems up to a small
synchronization error(e.g. limit cycle versus chaos); control in the
presence of disturbances or noise (e.g.H1 control)

� Control via impulses(sporadic coupling, only from time to time and
non-equidistantly in time) instead of continuously controlling

� Control in systems withtime-delays

� Other forms of synchronization: partial synchronization, cluster
synchronization,phase synchronization, connection withgraph topology

[Chen et al.; Wu et al.; Suykens et al.; Nijmeijer et al.;Yalcin et al.]
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Problems in synchronization theory

IMPULSIVE
COUPLING

Robust

Impulsive

Time-delay
Synchronization

Synchronization

Synchronization

Synchronization

Synchronization

NonlinearH 1

Robust NonlinearH 1

EXTERNAL
INPUT

MISMATCH
PARAMETER

AutonomousNon-autonomous

Design Purposes

Master-slave Synchronization Schemes

DELAY

Chaotic Lur'e Systems

[Yalcin et al., 2005]
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From genes to cells: hierarchical nature

[Tyson et al., 2001]
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Map of protein-protein interactions

[Barabasi & Bonabeau, 2003; Barabasi & Oltvai, 2004]
Highly linked proteins (network hubs) tend to be crucrial for cell survival.

Only few proteins are able to physically attach to a huge number.

www.nd.edu/� networks
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Scale-free networks

Random network Scale-free network
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[Barabasi & Bonabeau, 2003; Barabasi & Oltvai, 2004]

Random networks:bell curve distribution
Scale-free networks:power law distribution
Robust against accidental failures, but vulnerable to coordinated attacks

Biological networks: growth (gene duplication) andpreferential attachement
(rich-gets-richer mechanism:new nodes prefer to link to the more connected nodes)
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Optimization by synchronization

� Meaning of master-slave synchronization in a networks context:
master(s) play the role of 'hubs' in a dynamical systems context

� Framework of cooperative behaviour in the context of optimization, based
on coupling of optimization processes and master-slave synchronization
[Suykens et al., 2001]

� Hierarchical scheme: objectives (cost functions) at the individual level
and at the group level

� Example of collective behaviour in cells:quorum-sensing.

Cell density broadcasting and detection by elements from a bacterial
quorum-sensing system regulating the death rate [You et al., 2004]
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Local optimization

� Consider the optimization problem:

min
x 2 Rn

U(x)

with cost functionU(�) continuously di�erentiable.

� Simple continuous-time steepest descent algorithm:

_x = � � r x U(x)

converging to a local optimum.

� Better local optimization methods:
momentum term, Newton method, conjugate gradients, ...
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Coupled local minimizers

� Essential idea for coupled local minimizers[Suykens et al., 2001]:

1. consider two (or more) local optimizers and let them interact
2. enforce that the optimizers should reach the same �nal state,

i.e. require state synchronization

� Example:consider the following objective

min
x;z

U(x) + U(z) such that x = z

Lagrange programming network:

8
<

:

_x = �r x U(x) � (x � z) � �
_z = �r zU(z) + ( x � z) + �
_� = x � z
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Toy example: double potential well
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The initial statesx(0); z(0) are chosen to be in the two di�erent valleys.
The statesx(t); z(t) converge to the global solution atx = z = � 2:9

(blue: x ( t ) - red: z( t ) - green: � ( t ) )
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More general formulation

� Minimize average energy cost subject to pairwise synchronization states

min
x ( i ) 2 Rn

1
q

qX

i =1

U(x ( i ) ) such that x ( i ) � x ( i +1) = 0 ; i = 1 ; 2; :::; q

with boundary conditionsx (0) = x (q) , x (q+1) = x (1) (q minimizers)

� Augmented Lagrangian (synchronization as hard and soft constraint)

L (x ( i ) ; � ( i ) ) =
�

q

qX

i =1

U [x ( i ) ] +
1

2

qX

i =1


 i kx ( i ) � x ( i +1) k2
2+

qX

i =1

h� ( i ) ; [x ( i ) � x ( i +1) ]i

� Lagrange programming network:
(

_x ( i ) = � �
qr

x ( i ) U [x ( i ) ] + 
 i � 1[x ( i � 1) � x ( i ) ] � 
 i [x ( i ) � x ( i +1) ] + � ( i � 1) � � ( i )

_� ( i ) = x ( i ) � x ( i +1) ; i = 1 ; 2; :::; q
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Interacting optimizers

weight space

cost

Multi-start local optimization

No interaction

weight space

cost Interaction and information exchange

Coupled Local Minimizers

The coupling constants can be optimized to achieve optimal cooperative
search at the group level [Suykens et al., 2001].

Additional noise can be injected into the system [Gunel et al., 2006].

Extensions to coupled simulated annealing processes can be made with
cost function evaluations only [Xavier-de-Souza et al., 2006].
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Optimal cooperation

� Decrease of ensemble energy cost:

dhU i

dt
=

1

q

qX

i =1

h
@U[x ( i ) ]

@x ( i )
; _x ( i ) i

=
1

q

qX

i =1

h
@U[x ( i ) ]

@x ( i )
; �

�

q

@U[x ( i ) ]

@x ( i )
+ 
 i � 1[x ( i � 1) � x ( i ) ]

� 
 i [x
( i ) � x ( i +1) ] + � ( i � 1) � � ( i ) i

� Optimal cooperation: LP problem in
 (scheduling of
 i values)

min

 2 Rq

dhUi
dt

jx ;� such that 
 < 
 i < 
; i = 1 ; 2; :::; q

This incorporates the principle of master-slave synchronization.

� An important role is played by the initial distributionp(x(0))
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Optimization of Lennard-Jones Clusters

� In predicting the three-dimensional structure of proteins from amino acid
sequences,potential energy surface (PES) minimization is often related
to the native structure of the protein. Optimization of Lennard-Jones
(LJ) clusters is considered to be a benchmark problemat this point [Sali,
1994; Wales, 1997, 1999].

� Cost function:
ULJ = 4

X

i<j

(
1

r 12
ij

�
1

r 6
ij

)

with r ij the Euclidean distance between atomi and j (j = 1 ; :::; N ).

� (LJ)38 which possesses adouble-funnel energy landscape and is known
to be an interesting test-case[Wales, 1997, 1999].

� Important role ofp(x(0)) / exp[� 1
2� 2x(0)T x(0)] (similar to considering

a con�ning potential in e�ective potential minimization methods).
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Case (LJ)38
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Evolution of the cost function forq = 50 coupled local minimizers, reaching
the global minimum con�guration for (LJ)38 with double-funnel landscape.
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Case (LJ)150

Potential for application to larger scale problems
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